We present a detailed microscopic investigation of fractional quantum Hall states with gapped boundaries in a coupled bilayer lattice model featuring holes whose counter propagating chiral edge states are hybridized and gapped out. We focus on the experimentally most promising lattice limit, where each hole just consists of a single removed site. Although the holes distort the original band structure and lead to ingap remnants of the continuum edge modes, we find that a lowest nearly flat band representing a higher-genus system may naturally form by controlling the local hopping terms that gap out the boundaries. Remarkably, local interactions in this new flat band lead to various Abelian and non-Abelian fractional quantum Hall states with gapped boundaries residing on emergent higher-genus surfaces, which we identify by extracting the non-trivial topological groundstate degeneracies and the fractional statistics of quasiparticles. These results demonstrate the feasibility of realizing novel fractional quantum Hall states with gapped boundaries even in the extreme lattice limit, thus enabling a possible new route towards universal topological quantum computation. arXiv:1901.05119v3 [cond-mat.str-el] 
Introduction. The standard implementation of topological quantum computation (TQC) [1, 2] relies on non-Abelian anyons and their exotic braiding statistics [3, 4] . When emerging as quasiparticles in topologically ordered systems [6] , these anyons are associated to a topologically protected subspace of degenerate ground states. In this case, the adiabatic braiding of non-Abelian anyons gives rise to unitary transformations in the relevant ground-state subspace and realizes the required fault-tolerant quantum gates.
Apart from braiding non-Abelian anyons, there are also other routes to achieve and even facilitate the realization of TQC. One attractive possibility is to utilize topological states with gapped boundaries [7] [8] [9] [10] [11] (see Refs. [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] for another scheme using non-Abelian twist defects). These states were predicted to exist in two copies of topological orders with multiple disconnected boundaries that are gapped out by particle tunneling or pairing between counter-propagating edge modes, and can be thought of as residing on an effective higher-genus surface [30] [31] [32] [33] . It has been proved that the braiding of gapped boundaries, together with modular transformations in the mapping class group of the effective highergenus surface [34] and topological charge measurements, allow universal TQC even though the intrinsic anyons of the underlying phase do not support it [31, 35, 36] . However, the birth and development of the beautiful idea above heavily relied on effective field theory in the continuum [7-10, 30, 31] . Given the recent progress on creating and gluing boundaries in optical lattices [37] , a question naturally arises: how well do the descriptions about gapped boundaries in continuum effective field theory apply on lattices?
In this work, we make the first step towards answering this question by using extensive exact diagonalization to search for fractional quantum Hall (FQH) states [38] [39] [40] with gapped boundaries in a microscopic lattice model far from the continuum picture. In order to pursue the most pronounced lattice effects, we target minimal boundaries that are created by puncturing single-site holes in a bilayer lattice, combined with high magnetic flux densities piercing the lattice. Remarkably, The edges of these two holes are coupled by vertical interlayer tunneling terms 1, . . . , 8 (green segment), for which t ⊥ e is chosen ast2,t1e −2πiφ ,t2e −4πiφ ,t1e 2πiφ(2X−1) , t2e 8πiφX ,t1e 2πiφ(4X−1) ,t2e 2πiφ(4X−2) , andt1e 2πiφ(2X−1) , respectively. Each vertical plaquette (green region) is then pierced by effective flux φ (green arrow) inwardly. (c) Each pair of holes has the topology of a wormhole, leading to an effective higher-genus surface. after gapping out the ingap vestiges of continuum edge modes by interlayer tunneling, we obtain compelling results, including the ground-state degeneracy and the statistics of quasiparticles, that explicitly demonstrate the existence of lattice FQH states with gapped boundaries residing on effective highergenus surfaces. Our results thus justify the insights from lowenergy field theory in an extreme lattice limit, and provide a deep insight into the physical realization of FQH states and TQC with gapped boundaries in microscopic lattice models.
Model. We consider a bilayer square lattice in the xy plane, with periodic boundary conditions per layer [ Fig. 1(a) ]. In each layer, a lattice site j is labeled by its position (x j , y j ), where x j = 0, . . . , L x −1 and y j = 0, . . . , L y −1. Each layer is pierced by a uniform magnetic field, such that the number of flux quanta in an elementary plaquette of layer σ is φ σ , where σ =↑, ↓. We choose φ ↑ = −φ ↓ = φ > 0 to make one layer as the time-reversal conjugate of the other. We then punch through both layers to generate M pairs of holes. In each pair, only two lattice sites on top of each other are removed, so the edge of each hole contains four nearest-neighbor (NN) and four next-nearest-neighbor (NNN) sites of the corresponding removed site [ Fig. 1(a) ]. Throughout this work, we keep holes in the same layer well separated to avoid overlaps between their edges, and all of our results do not qualitatively depend on specific positions of holes. We couple the edges of each pair of holes with vertical interlayer tunneling [ Fig. 1(b) ]. As both layers have the torus geometry, we effectively generate a single surface with genus g = M + 1 [ Fig. 1(c) ]. Based on the scenario described above, we formulate the single-particle Hamiltonian as
where a † jσ (a jσ ) creates (annihilates) a particle in layer σ at position (x j , y j ), R contains M removed sites in a single layer, and E m includes eight edge sites of the m-th hole in a single layer. We choose local intralayer hopping as t σ jk = t 0 (−1) x+y+xy e − π 2 (1−|φσ|)(x 2 +y 2 ) e iπφσ(xj +x k )y with x = x j − x k and y = y j − y k [41, 42] : t σ jk follows a superexponential decay with the hopping range, and its small tail does not alter the qualitative physics [43] but suppresses finitesize effects [44] . We set the amplitude of interlayer tunneling t ⊥ e ast 1 (t 2 ) for the NN (NNN) edge sites of each removed site. The phase of t ⊥ e is fixed to guarantee that each vertical plaquette between a pair of holes is pierced inwardly by effective flux φ [ Fig. 1(c) ], mimicking a magnetic field whose direction is consistent with that in each layer. We focus on φ = 1/q with integer q > 2, and assume L x divisible by q to ensure an integer number of unit cells in the x direction.
Single-particle spectrum and higher-genus flat band. We diagonalize H 0 to analyze the effect of holes on the band structure. In the absence of holes, as H 0 corresponds to two decoupled Kapit-Mueller models [41] with opposite chiralities, its lowest 2φL x L y eigenstates are exactly degenerate at zero energy. However, in the presence of M pairs of holes without interlayer tunneling, while the lowest 2φL x L y − 2M levels still stay at zero energy, there are 2M levels going into the lowest band gap and forming a quasi-degenerate cluster. Typical band structures for M = 0 and M = 1 are shown in Fig. 2(a) . Remarkably, the eigenvectors of those 2M ingap states have dominant weights on lattice sites around holes [inset of Fig. 2(a) ], indicating that they are the remnants of M pairs of opposite propagating continuum edge modes corresponding to the opposite chiralities of two layers.
When the interlayer tunneling is switched on, the two edge states around each pair of holes are coupled and the boundaries become gapped. Indeed, compared to the zero-tunneling case, M ingap levels are pushed to higher energies but the other M ingap states go down, such that a band gap is reopened [ Fig. 2 timal interlayer tunneling strengtht 1 andt 2 that yield the flattest lowest band within our setup. Notably, as the flux density φ decreases, we can get flatter lowest band by weaker tunneling. This new lowest flat band corresponds to a higher-genus system on the effective g = M + 1 surface. Similar singleparticle physics can also be obtained for larger holes [43] . FQH states with gapped boundaries. Having ensured that a new lowest flat band can be recovered after the boundaries are gapped out, we now examine whether suitable interactions can stabilize FQH states with gapped boundaries, which should reside on the effective g = M + 1 surface. Due to the relevance with the cold-atom implementation, we focus on the possibility of the ν = k/2 bosonic Read-Rezayi (RR) state [45] , with k a positive integer. k = 1 and k = 2 just cor- 
Evidence for Abelian higher-genus FQH states in the bandflattened model. We show the spectra {En} of the projected interaction at ν = 1/2 for various system sizes with (a) M = 1 and (b) M = 2 pairs of holes. We uset1 andt2 in Table I . The positions of holes are given in the supplementary material [43] . The ground-state manifold and the degeneracy D are highlighted by the cyan shade.
respond to the Laughlin state [46] and the Moore-Read (MR) state [47] , respectively. We assume that bosons interact via (k + 1)-body onsite repulsions
at ν = k/2, where n i,σ is the occupation on site i in layer σ, U > 0 is the interaction strength, and : · · · : enforces the normal ordering. On a single genus-g surface in the continuum, the RR state of N b bosons resides in N s = 2N b /k − (1 − g) exactly degenerate single-particle states of the lowest Landau level [28, 48] . Since the g = M + 1 flat band in our lattice model contains
Let us first consider the most realistic case with k = 1 at ν = 1/2. In principle, exactly diagonalizing H 0 + H int in real space provides the low-energy properties of the system. However, because holes break the translation invariance, such calculations are computationally expensive, thus being limited to very small systems. Assuming that U is larger than the band dispersion but smaller than the band gap, we project the interaction H int to the higher-genus flat band [43] and neglect the band dispersion for large numerical efficiency. Similar bandflattened models have also been extensively used to study FQH states on translation invariant lattices [49] . By diagonalizing the projected interaction for M = 1 and M = 2, we find compelling evidence that the ground state is the ν = 1/2 Laughlin state on the effective g = M + 1 surface. With one pair of holes, there are four approximately degenerate ground states for various system sizes [ Fig. 3(a) ], which is consistent with the ν = 1/2 Laughlin state on a single g = 2 surface. A nontrivial enhancement of the topological degeneracy D from 4 to 8 occurs for two pairs of holes [ Fig. 3(b) ], matching the ν = 1/2 Laughlin state on a single g = 3 surface. For both M = 1 and M = 2, the ground states are separated from other excited states by an energy gap which is significantly larger than the ground-state splitting, and the splitting is reduced relative to the gap as the system size is increased.
To further identify the ground states observed above, we extract their modular S matrix encoding the quasiparticle statistics [50, 51] . We focus on the case with one pair of holes which gives an effective g = 2 surface. For an Abelian state defined on such a surface, the S matrix relates two specific bases {|acb α1γα2 } and {|acb β1γβ2 } in the groundstate manifold via |a cb β1γβ2 = a,b S aa S bb |acb α1γα2 , where |acb α1γα2 (|acb β1γβ2 ) have quasiparticles a, c and b threading the nonintersecting, noncontractible circles α 1 , γ and α 2 (β 1 , γ and β 2 ), respectively [ Fig. 4(b) ], and the quasiparticle c must be 1 [31] . Therefore, the overlap matrix between |a1 b α1γα2 and |a1 b β1γβ2 gives S ⊗ S. |a1 b α1γα2 (|a1 b β1γβ2 ) should have the minimal entanglement entropy between two subsystems if we bipartite the whole system along circles (α 1 α 2 ) [(β 1 β 2 )] [52] [53] [54] , which in our model correspond to a cut through both layers in the x (y) direction. In order to obtain these MESs, we diagonalize the full Hamiltonian H 0 + H int in real space. Because lattice FQH states may persist even for infinitely strong repulsion [55] [56] [57] , we assume hardcore bosons to increase numerical efficiency. Although the tractable systems under this assumption are still quite small compared to the band projection case, we do observe clear four-fold topological degeneracies Table I . The positions of holes are given in the supplementary material [43] . The ground-state manifold and the degeneracy D are highlighted by the cyan shade.
at ν = 1/2 [ Fig. 4(a) ]. We then measure the entanglement entropy by the Renyi-2 entropy S 2 = − ln Trρ 2 A , where ρ A is the reduced density matrix of the subsystem A, and numerically search for MESs in the four-fold degenerate groundstate manifold [58] . Strikingly, for both cut I in the x direction [ Fig. 4(c) ] and cut II in the y direction [ Fig. 4(d (3)
As the nonzero minimal entanglement entropy between two layers [43] rules out two decoupled copies of the torus ν = 1/2 Laughlin state, we conclude that the ground state at ν = 1/2 with one pair of holes is the ν = 1/2 Laughlin state on the effective g = 2 surface. Having confirmed Abelian higher-genus FQH states with gapped boundaries in our model, we now consider whether non-Abelian states with gapped boundaries can appear when k > 1. In order to reach relatively large systems, we again diagonalize the interaction projected to the higher-genus flat band [43] . We indeed observe ground-state degeneracies consistent with the ν = 1 and ν = 3/2 RR states on the effective g = M + 1 surface. When k = 2, D = 10 approximately degenerate ground states exist at the bottom of the many-body spectra for M = 1 [ Fig. 5(a) ], and adding another pair of holes (M = 2) increases D to 36 [ Fig. 5(b) ]. These topological degeneracies match the MR state on a single g = M + 1 surface [62] . When k = 3, we get D = 20 for M = 1, which is the same as that of the ν = 3/2 RR state on a single g = 2 surface [ Fig. 5(c) ] [62] . Note that the topological degeneracies observed above become better for larger system sizes.
Conclusion. In this work, we present a microscopic study of FQH states with gapped boundaries in the lattice limit. After gapping out boundaries, we find compelling signatures of the ν = k/2 bosonic RR states with gapped boundaries residing on effective higher-genus surfaces. We have also found numerical evidence of FQH states with gapped boundaries for a simplified model with only the NN hopping in the singleparticle Hamiltonian [43] , corroborating our claim that the long-range hopping chosen for more rapid finite-size convergence is not essential for stabilizing FQH states. There is a recent experimental scheme to realize this simplified singleparticle Hamiltonian in optical lattices with spatially shaped laser beams generated by high resolution optics [37] .
While there are many obvious variations of our model worthwhile investigating in future works, the key message from this work is that even the most extreme lattice limit with high flux densities and single-site holes works remarkably well for realizing FQH states with gapped boundaries. This is particularly encouraging in the context of experimental realizations and possible future applications such as topological quantum computation since the energy scales, and thus the potential energy gap and associated critical temperatures, are maximal in this limit.
SUPPLEMENTARY MATERIAL

Project the interaction to the higher-genus flat band
The higher-genus flat band consists of the lowest 2φL x L y − M eigenstates of H 0 . Taking the two-body onsite interaction as an example, the interaction after band projection is
where a † m (a m ) creates (annihilates) a boson on the eigenstate ψ m of H 0 , and ψ m = (ψ m,1 , ..., ψ m,2LxLy ) is expressed in the lattice site basis. ψ m,i = 0 if the component i corresponds to a removed lattice site. The projected three-body and fourbody interactions used in this work can be derived similarly. S1. The positions of holes (i.e., the removed lattice sites) for various lattice sizes with M = 1 and M = 2, which are used to produce Figs. 3 and 5 in the main text.
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Positions of holes
Here we give the positions of holes used to produce Figs. 3 and 5 in the main text, see Table S1 . We emphasize that different positions of holes give very similar results in both Abelian and non-Abelian cases, so long as the holes are well separated.
Minimally entangled states
In the main text, we study the minimally entangled states (MESs) corresponding to different bipartitions of the ν = 1/2 Laughlin state on the effective g = 2 surface, which is stabilized in our model with one pair of holes. For each type of bipartition, we obtain four MESs with similar Renyi-2 entropies S 2 , see Table S2 . For a fixed cut, the discrepancy between the four entropies is a finite-size effect and should disappear in the thermodynamic limit.
The overlap matrix O between the MESs with respect to cut I and cut II [Figs. 4(c) and 4(d) in the main text] contains the information of the modular S matrix of the underlying topological order. In numerical calculations, we fix the phases of MESs by requiring the first row and the first column of O to be real. For N b = 6, L x × L y = 5 × 7, φ = 1/5, we show in Eq. (3) of the main text that O is very close to
where S = 1 √ 2 1 1 1 −1 is the modular S matrix of the ν = 1/2 Laughlin state. This, together with the nonzero minimal entanglement entropy between two layers (Table S2) , identify the ground state as the ν = 1/2 Laughlin state on the effective In this case, O is again close to S ⊗ S, however, the discrepancy from the theoretical value is larger compared to N b = 6, L x × L y = 5 × 7, φ = 1/5. This is due to the stronger finite-size effect on this smaller lattice, which can also be reflected by the larger ground-state splitting as shown in Fig. 4(a) of the main text. It would be very interesting to study the MESs and extract the quasiparticle statistics also at non-Abelian filling factors. We have examined the situation with one pair of holes at ν = 1. In this case, our calculations by real-space exact diagonalization are limited to only a few systems whose sizes are still small compared to those reachable by band projection, even if we have imposed a three-body hardcore condition. Unfortunately, we did not observe nice ten-fold ground-state degeneracies in all systems that we have checked by real-space exact diagonalization, which prevents us from studying the MESs and extracting the quasiparticle statistics for the MR state on a single g = 2 surface. Considering that clear ten-fold degeneracies exist in the spectra of the band projected interaction [ Fig. 5(a) in the main text], we believe that this problem can be solved by seeking access to larger system sizes with other numerical techniques. Moreover, another technical difficulty here is the large ground-state degeneracy at non-Abelian filling factors, which leads to a complicated high-dimensional minimization when we search for MESs.
Short-rangle single-particle Hamiltonian
In the main text, we use local but long-range hopping in the single-particle Hamiltonian [Eq.
(1) of the main text] to suppress finite-size effects. Now we show that we can obtain similar results with only the nearest-neighbor (NN) hopping.
In the presence of only the NN hopping, we get a new single-particle Hamiltonian H 0 similar to H 0 in the main text: The only difference is that now we have t σ jk = t 0 (−1) x+y+xy e − π 2 (1−|φσ|)(x 2 +y 2 ) e iπφσ(xj +x k )y only for x 2 + y 2 ≤ 1 and t σ jk = 0 for x 2 + y 2 > 1. In the absence of holes, the exact flatness of the lowest 2φL x L y eigenstates is lost due to the hopping truncation. However, we still observe a very similar effect of holes on the band structure of H 0 as that for H 0 shown in the main text. In the presence of M pairs of holes without interlayer tunneling, there are 2M levels jumping into the lowest band gap of H 0 and form a quasi-degenerate cluster, while other 2φL x L y − 2M lowest states stay at their original energies [ Fig. S1(a) ]. Those 2M ingap states are edge states, as their eigenvectors have dominant weights on lattice sites around holes [inset of Fig. S1(a) ].
Similar to the case with long-range hopping, the interlayer tunneling in H 0 around each pair of holes also pushes M ingap levels upwards to the higher-energy band, and other M in- Table S3 and the positions of holes in Table S1 . The ground-state manifold and the degeneracy D are highlighted by the cyan shade. The degeneracies here in general become worse than in Fig. 3 of the main text.
gap levels come down [ Fig. S1(b) ]. The opposite propogating edge states are then gapped out and the band gap is reopened. For suitable tunneling strength, we obtain a new lowest band containing the lowest 2φL x L y − M eigenstates of H 0 . In Table S3 , we show the interlayer tunneling strengtht 1 andt 2 , with which this band is the flattest for large enough systems. Compared with the results with long-range hopping ( Table I in the main text), the maximal band flatness with only the NN hopping is obviously smaller. However, as the flux density φ decreases, the band also becomes flatter with weaker tunneling. Again, such a new lowest flat band corresponds to a higher-genus system on the effective g = M + 1 surface. We then examine the possibility of the ν = k/2 Read-Rezayi (RR) state with gapped boundaries in this new flat band arising from only the NN hopping. We still consider the (k + 1)-body repulsion [Eq.
(2) in the main text]. For large numerical efficiency, we project the interaction into the lowest flat band of H 0 and neglect the band dispersion. For both 3 and 5 in the main text, we can see that the model with only the NN hopping in general presents worse groundstate degeneracies than that with long-range hopping, and the degeneracies even disappear in a few small systems at non-Abelian filling factors (Fig. S3 ). Moreover, although we can already observe nice ground-state degeneracies by real-space exact diagonalization of small systems for the long-range hopping model [ Fig. 4(a) in the main text], such degeneracies are absent when we diagonalize the same system sizes in real space for the model with only the NN hopping, thus prevent- Figure S3 . The spectra {En} of the interaction projected to the lowest band of H 0 for various system sizes with (a) ν = 1, M = 1, (b) ν = 1, M = 2, and (c) ν = 3/2, M = 1. We uset1 andt2 in Table S3 and the positions of holes in Table S1 . The ground-state manifold and the degeneracy D are highlighted by the cyan shade. The degeneracies here in general become worse than in Fig ing us from studying the MESs and extracting the quasiparticle statistics. Therefore, we must seek numerical access to larger system sizes if we want to investigate the FQH physics in the model with only the NN hopping more deeply.
Larger holes in the bilayer Kapit-Mueller model
In the main text, we consider the bilayer Kapit-Mueller model with minimal holes, each of which only contains a single removed lattice site. Here we increase the hole size and study the single-particle physics of the bilayer Kapit-Mueller model with larger holes. The single-particle Hamiltonian is still given by H 0 [Eq. (1) in the main text].
We consider square holes each containing h × h removed lattice sites, such that the edge of each hole contains 4h + 4 sites. For simplicity, we assume that the interlayer tunneling strength ist for all of the 4h + 4 vertical tunneling terms. The phases of the interlayer tunneling are again chosen to guarantee that each vertical plaquette between a pair of holes is pierced inwardly by effective flux φ.
In Fig. S4 , we show the single-particle spectra in the presence of one pair of holes for h = 2, φ = 1/3 and h = 3, φ = 1/4 on a L x × L y = 12 × 12 lattice. Without interlayer tunneling, one can see that there are more ingap edge states than the minimal hole case. However, a nearly flat lowest band can still be restored after interlayer tunneling is switched on to gap out the boundaries. The largest band flatness is f = 3.87 and f = 4.64 for h = 2, φ = 1/3 and h = 3, φ = 1/4, respectively. Compared with the numbers in Table I of the main text, the bands here are more dispersive. This is as expected because we use less fine tuning here. It would be interesting to study the many-body physics driven by interactions in such flat bands.
